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1.  Introduction 

This supplement contains additional details of the main paper “Consistent Multivariate Seasonal 

Adjustment for Gross Domestic Product and its Breakdown in Expenditures”. Section 2 contains the 

state-space representation of the structural time series models proposed in Section 3 of the main 

paper. Section 3 summarizes the quality diagnostics of X-13ARIMA-SEATS. 

2.  State-Space Models 

In this section the state-space representations of the structural time series models proposed in 

Section 3 of the main paper are given. We start with the full specification of the structural time series 

models defined in the main paper.  For illustration purposes, we assume that one additive outlier for 

all series occurs at the same time, one level break for all series occurs at the same time and one 

seasonal break for all series occurs at the same time. The model can be extended to multiple outliers, 

level breaks or seasonal break in a straightforward manner.  

The univariate structural time series model for the aggregated series is defined as: 

𝑦𝑡+ = 𝐿𝑡 + 𝑆𝑡 + 𝛼Δ𝑡
𝑂 + 𝛽𝑡 𝑥𝑡 + 𝜆∆𝑡

𝐿 + 𝛾𝑡 ∆𝑡
𝑆 + 𝑒𝑡    (S.1) 

In (S.1), 𝐿𝑡  is a time-dependent trend, which is modelled according to the so called smooth trend 

model (Durbin and Koopman, 2012) defined by: 

 
𝐿𝑡 = 𝐿𝑡−1 + 𝑅𝑡−1

𝑅𝑡 = 𝑅𝑡−1 + 휀𝑡𝑅

 (S.2) 

The variables 𝐿𝑡  and 𝑅𝑡  are often referred to as the level and the slope of the trend model. In a 

smooth trend model, the slope is the component that is random and the following assumptions for 

the slope disturbances are assumed: 휀𝑡𝑅 ≅ 𝑁(0, 𝜎𝑅
2), and 𝐶𝑜𝑣(휀𝑡𝑅 , 휀𝑡′𝑅) = 0 for 𝑡 ≠ 𝑡′. 

In (S.1) 𝑆𝑡  is a time-dependent seasonal component modelled using a so-called trigonometric 

model, given by: 

𝑆𝑡 = ∑ 𝑆𝑡ℎ
2
ℎ=1  , (S.3) 

with 

𝑆𝑡ℎ = cos (
𝜋ℎ

2
) 𝑆𝑡−1,ℎ + sin (

𝜋ℎ

2
) 𝑆𝑡−1,ℎ

∗ + 휀𝑡ℎ , 

𝑆𝑡ℎ
∗ = −sin (

𝜋ℎ

2
) 𝑆𝑡−1,ℎ + cos (

𝜋ℎ

2
) 𝑆𝑡−1,ℎ

∗ + 휀𝑡ℎ
∗  , for h=1,2, (S.4) 
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and with the following assumptions for the disturbances that make the harmonics time varying: 

휀𝑡ℎ ≅ 𝑁(0, 𝜎𝑆
2), 휀𝑡ℎ

∗ ≅ 𝑁(0, 𝜎𝑆
2), Cov(휀𝑡ℎ, 휀𝑡′ℎ′) = 0 for 𝑡 ≠ 𝑡′ and all ℎ, ℎ′,  Cov(휀𝑡ℎ

∗ , 휀𝑡′ℎ′
∗ ) = 0  for 

𝑡 ≠ 𝑡′, and all ℎ, ℎ′, and Cov(휀𝑡ℎ, 휀𝑡′ℎ′
∗ ) = 0  for all  𝑡,  𝑡′, ℎ, and  ℎ′.  

Furthermore  Δ𝑡
𝑂 is a dummy variable, indicating the period in which an additive outlier occurs, i.e.  

 Δ𝑡
𝑂 = {

1 for the period 𝑡 where an outlier occurs
0 for all other periods                                      

     (S.5) 

where the magnitude of the outlier is measured by a time invariant regression coefficient 𝛼.  

In (S.1), 𝑥𝑡  is an auxiliary variable containing information about calendar effects in period t, 𝛽𝑡  the 

corresponding time-dependent regression coefficient modelled as a random walk: 

𝛽𝑡 = 𝛽𝑡−1 + 휀𝑡𝛽, (S.6) 

with 휀𝑡𝛽 ≅ 𝑁(0, 𝜎𝛽
2) and Cov(휀𝑡𝛽, 휀𝑡′𝛽) = 0 for 𝑡 ≠ 𝑡′.  

Level shifts are in (S.1) modelled with a dummy variable  ∆𝑡
𝐿 indicating the period in which a level 

shift occurs: 

∆𝑡
𝐿= {

0 for all 𝑡 before the period in wich a level shift occurs                            

1 for all 𝑡 from (and including) the period in wich a level shift occurs         
  (S.7) 

and λ a time invariant regression coefficient measuring the size of the level shift. 

A break in the seasonal pattern is modelled with a similar intervention variable: 

∆𝑡
𝑆= {

0 for all 𝑡 before the period in wich a seasonal break occurs    

1 for all 𝑡 from (and including) the period of the seasonal break     
    (S.8) 

The magnitude of the seasonal break is measured by 𝛾𝑡, which is defined by (S.3) and (S.4), but 

where the disturbances in (S.4) are equal to zero, making the pattern time invariant. This implies that 

all four quarters have their own break (adding up to zero) which remains the same through time. 

Finally  𝑒𝑡  in (S.1) denotes a disturbance term for any unexplained variations which is modelled as a 

white noise process: 𝑒𝑡 ≅ 𝑁(0, 𝜎𝑒
2).  

A state-space model for (S.1) contains a measurement equation and a transition equation. First, let  

𝜶𝑡 denote a vector containing the state variables of the trend, the seasonal components and the 

regression coefficients for outliers , level shift, seasonal breaks and calendar effects, i.e.: 

𝜶𝑡 = (𝐿𝑡 , 𝑅𝑡 , 𝑆𝑡1 , 𝑆𝑡1
∗ , 𝑆𝑡2, 𝛽𝑡 , 𝛼, 𝜆,   𝛾1 , 𝛾1

∗, 𝛾2 )′.    (S.9) 

The measurement equation specifies how the observed series depend on the vector of unknown 

state variables 𝜶𝑡 
through a known and time dependent design matrix 𝒛𝑡 and a measurement error: 

𝑦𝑡+ = 𝒛𝑡 𝜶𝑡 + 𝑒𝑡         (S.10) 

with  
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𝒛𝑡 = (1, 0, 1, 0, 1, 𝑥𝑡 ,  Δ𝑡
𝑂, ∆𝑡

𝐿 , ∆𝑡
𝑆(1, 0, 1)) .     (S.11) 

 

The transition equation specifies how the state variables evolve from period 𝑡 to 𝑡 + 1: 

𝜶𝑡+1 = 𝑻𝜶𝑡 + 𝜼𝑡        (S.12) 

where 𝑻 is a known design matrix and 𝜼𝑡 a vector with the disturbances of the stochastic processes 

for the trend, seasonal component, etc. From the definition of the stochastic processes for the 

various states in equations (S.2) through (S.8), the following design matrix for (S.11) is obtained: 

𝑻 = Blockdiag(𝑻𝐿,  𝑻𝑆, 𝑻𝛽 , 𝑻𝛼 , 𝑻𝜆, 𝑻𝛾  ),  

with  𝑻𝐿 = (
1 1
0 1

), 𝑻𝑆 = (
0 1 0

−1 0 0
0 0 −1

),  𝑻𝛽 = 1,   𝑻𝛼 = 1,  

  𝑻𝜆 = 1,  and  𝑻𝛾 = (
0 1 0

−1 0 0
0 0 −1

). 

The vector with disturbance terms is defined as 

𝜼𝑡 =  (0, 휀𝑡𝑅 , 휀𝑡1, 휀𝑡1
∗ , 휀𝑡2, 휀𝑡𝛽 , 0, 0, 0, 0, 0)′. 

For the disturbance terms of both equations the following assumptions are made: 𝑒𝑡 ≅ 𝑁(0, 𝜎𝑒
2), 

𝜼𝑡 ≅ 𝑁(0, 𝑸) with 𝑸 = Diag(0, 𝜎𝑅
2, 𝜎𝑆

2, 𝜎𝑆
2, 𝜎𝑆

2, 𝜎𝛽
2, 0, 0, 0, 0, 0), and Cov(𝑒𝑡 , 𝜼𝑡) = 𝟎. 

The aggregated time series (S.1) is broken down into its K subseries in a hierarchical, nested way, at 

several levels.  These K series can be modelled by a K-dimensional multivariate STM: 

𝑦𝑡𝑘 = 𝐿𝑡𝑘 + 𝑆𝑡𝑘 + 𝛼𝑘 𝛿𝑡 + 𝛽𝑡𝑘𝑥𝑡 + 𝜆𝑘 ∆𝑡
𝐿 + 𝛾𝑡𝑘∆𝑡

𝑆 + 𝑒𝑡𝑘 ,  𝑘 = 1 … 𝐾, (S.13) 

where the different components are defined similarly as in (S.1) but now for the k-th series 

separately. To define the state space representation of (S.13), let 𝒚𝑡 = (𝑦𝑡1 … , 𝑦𝑡𝐾)′ denote a K 

column vector containing the observations for the K series defined in (S.13) for period t. The 

measurement equation is now defined as 

𝒚𝑡 = 𝒁𝑡 𝜶𝑡 + 𝒆𝑡 ,  

𝜶𝑡 = (𝜶𝐿𝑡 , 𝜶𝑆𝑡, 𝜶𝛽𝑡 , 𝜶𝛼 , 𝜶𝜆, 𝜶𝛾)′, 

𝜶𝐿𝑡 = (𝐿1𝑡 , 𝑅1𝑡, … , 𝐿𝐾𝑡 , 𝑅𝐾𝑡), 

𝜶𝑆𝑡 = (𝑆1𝑡1, 𝑆1𝑡1
∗ , 𝑆1𝑡2, … , 𝑆𝐾𝑡1, 𝑆𝐾𝑡1

∗ , 𝑆𝐾𝑡2), 

𝜶𝛽𝑡 = (𝛽1𝑡, … , 𝛽𝐾𝑡), 

𝜶𝛼 = (𝛼1, … , 𝛼𝐾), 

𝜶𝜆 = (𝜆1, … , 𝜆𝐾), 
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𝜶𝛾 = (𝛾11, 𝛾11
∗ , 𝛾12, … , 𝛾𝐾1, 𝛾𝐾1

∗ , 𝛾𝐾2). 

𝒁𝑡 = (𝑰[𝐾] ⊗ (1 0),   𝑰[𝐾] ⊗ (1 0 1) , 𝑰[𝐾] , Δ𝑡
𝑂𝑰[𝐾],   Δ𝑡

𝐿𝑰[𝐾] , ∆𝑡
𝑆𝑰[𝐾] ⊗ (1 0 1)), 

𝒆𝑡 = (𝑒𝑡1, … , 𝑒𝑡𝐾)′, 

and with 𝑰[𝐾] the identity matrix of order K. The transition equation is now defined as 

𝜶𝑡+1 = 𝑻𝑡 𝜶𝑡 + 𝜼𝑡 ,  

𝑻 = Blockdiag(𝑰[𝐾] ⊗ 𝑻𝐿  , 𝑰[𝐾] ⊗ 𝑻𝑆 , 𝑰[𝐾] ⊗ 𝑻𝛽 ,   𝑰[𝐾] ⊗ 𝑻𝛼  , 𝑰[𝐾] ⊗ 𝑻𝜆 , 𝑰[𝐾] ⊗ 𝑻𝛾  ), 

𝜼𝑡 =  (0, 휀1𝑡𝑅 , … , 0, 휀𝐾𝑡𝑅 , 휀1𝑡1, 휀1𝑡1
∗ , 휀1𝑡2, … , 휀𝐾𝑡1, 휀𝐾𝑡1

∗ , 휀𝐾𝑡2, 휀1𝑡𝛽 , … , 휀𝐾𝑡𝛽 ,   𝟎[𝐾]
′ ,   𝟎[𝐾]

′ , 𝟎[3𝐾]
′ )′, 

and 𝟎[𝐾] a column vector of order K with each element equal to zero. 

𝒆𝑡 ≅ 𝑁(0, 𝑯), with 𝑯 = Diag(𝜎𝑒1
2 , … , 𝜎𝑒𝐾

2 ) 

 𝜼𝑡 ≅ 𝑁(0, 𝑸) with 𝑸 = Diag(𝑸𝐿 , 𝑸𝑆, 𝑸𝛽 , 𝑶[𝐾], 𝑶[𝐾], 𝑶[3𝐾]),  

𝑸𝐿 = Diag(0, 𝜎𝑅1

2 , … , 0, 𝜎𝑅𝐾

2 ), 

𝑸𝑆 = Diag(𝜎𝑆1

2 , 𝜎𝑆1

2 , 𝜎𝑆1

2 , … , 𝜎𝑆𝐾

2 , 𝜎𝑆𝐾

2 , 𝜎𝑆𝐾

2 ), 

𝑸𝛽 = Diag(𝜎𝛽1

2 , … , 𝜎𝛽𝐾

2 ), 

and Cov(𝒆𝑡 , 𝜼𝑡) = 𝑶. 

For the following states the restriction is added that the sum of the state variables of the K subseries 

equals the smoothed values obtained in (S.1): 

- The regression coefficients for the working day effects: 𝛽𝑡+ = ∑ 𝛽𝑡𝑘
𝐾
𝑘=1                  (S.14)  

- Outliers: 𝛼+ = ∑ 𝛼𝑡𝑘
𝐾
𝑘=1                                                                                                      (S.15)  

- Level shifts: 𝜆+ = ∑ 𝜆𝑡𝑘
𝐾
𝑘=1                                                                                                  (S.16)  

- Seasonal breaks: 𝛾1𝑡+ = ∑ 𝛾1𝑡𝑘
𝐾
𝑘=1   , 𝛾1𝑡+

∗ = ∑ 𝛾1𝑡𝑘
∗𝐾

𝑘=1   , 𝛾2𝑡+ = ∑ 𝛾2𝑡𝑘
𝐾
𝑘=1 .           (S.17)  

This is achieved by with the method proposed by Doran (1992) who proposed to augment the vector 

with K subseries with  

𝒚𝑡
∗ = (𝑦𝑡1, … , 𝑦𝑡𝐾 , �̂�𝑡 , �̂�𝑡 , �̂�𝑡 , 𝛾1𝑡 , 𝛾1𝑡

∗ , 𝛾2𝑡)′, 

where �̂�𝑡 , �̂�𝑡 , �̂�𝑡 , 𝛾1𝑡 , 𝛾1𝑡
∗    and 𝛾2𝑡  are the smoothed estimates for the states obtained from 

fitting univariate model (S.1) to the aggregated series. The restriction (S.14) through (S.17) are 

imposed by augmenting the design matrix of the measurement equation with 

𝒁𝑡
∗ = (

𝒁𝑡

𝑹𝑡
), 
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with 

𝑹𝑡 = (
𝑶[3×5𝐾] 𝑰[3] ⊗ 𝟏[𝐾]

′ 𝑶[3×3𝐾]

𝑶[3×5𝐾] 𝑶[3×3𝐾] 𝟏[𝐾]
′ ⊗ 𝑰[3]

), 

and 𝑶[𝑀×𝑁] 𝑀 × 𝑁 matrix with each element equal to zero and 𝟏[𝐾] a column vector of length K 

with each element equal to one. Finally the vector with residuals of the measurement equation is 

augmented with six zero’s, since the six restrictions must hold exactly: 

𝒆𝑡
∗ = (𝑒𝑡1, … , 𝑒𝑡𝐾 , 0, 0, 0, 0, 0, 0)𝑡, 

and 

𝑯∗ = 𝐷𝑖𝑎𝑔(𝑯, 𝑶[6×6]). 

 

3.  Quality Diagnostics 

X-13ARIMA-SEATS and comparable seasonal adjustment programs compute eleven quality 

diagnostics and a weighted average (Q) of these eleven values. We present a short summary. For 

more details see Ladiray and Quenneville (2001, 176-182). 

M1: contribution of the irregular component to fluctuations 

M1 diagnostics the relative contribution of the irregular component to the changes in the series. If 

this contribution is large, this means that the irregular component causes many more fluctuations 

than the seasonal component in the series. In such a case, a successful distinction cannot be made 

between the seasonal component and the irregular component. 

 
M2: contribution of the irregular component in the stationary series 

Just like M1, M2 also diagnostics the contribution of the irregular component to the total variance in 

the series. If M2 is large, the irregular component is also relatively large. However, the calculation of 

M2 differs from the calculation of M1. 

 
M3: ratio of the irregular component to the trend 

To properly determine the seasonal decomposition, it is important that the fluctuations in the 

irregular component are not too large compared to the fluctuations in the trend. M3 diagnostics the 

ratio between the fluctuations of these two components. 

 

M4: connection in the irregular component 

One of the most important assumptions for the irregular component is that there is no connection 

between successive observations. If there is a strong connection between successive observations, 

this component is indeed not so irregular. M4 therefore diagnostics the connection in the irregular 

component. 

 
M5: number of months for cyclical dominance (MCD) 
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Just like M3, M5 also diagnostics the changes in the irregular component compared to the changes in 

the trend cycle. 

 
M6: ratio of the irregular component to the season 

During the first two calculation rounds, a 3x5 filter is used for the calculation of the seasonal 

component. M6 checks whether the 3x5 filter is suitable for the given series. A large value of M6 

means that the ratio of the irregular component and the seasonal component is either too small or 

too large for the filter. 

 

M7: identifiability of the seasonal pattern  

As we saw in table 1, M7 is the most important quality measure for the seasonal adjustment. If M7 is 

larger than 1, we may not, in principle, accept the seasonal adjustment as such. M7 indicates the 

extent to which the seasonal effect in the series is identifiable. If the seasonal effect is poorly 

identifiable, the absolute error in the ultimate seasonal component is large. 

 
M8 to M11: change in the seasonal pattern over the years 

M8 to M11 measure the extent to which the seasonal pattern in the series is subject to change. If the 

seasonal pattern changes strongly, the seasonal filters of X-13ARIMA_SEATS are not able to 

accurately estimate the seasonal pattern, and the error in the estimations is large. In particular, if the 

seasonal pattern in the end years changes strongly, the problem is large, because this means that the 

error in the most recent estimations is large. And it is exactly the most recent estimations that users 

of the series are interested in. The seasonal pattern can change in two different ways. First, more or 

less arbitrary fluctuations can occur in the seasonal pattern. Second, there can be a systematic 

increase or decrease. M8 and M10 measure the arbitrary fluctuations in the seasonal pattern. M9 

and M11 measure the systematic increase or decrease in the seasonal pattern. In this context, M8 

and M9 are calculated over the entire series. M10 and M11 are calculated based on the most recent 

years. 

4. References 

Doran, H.E. (1992). Constraining Kalman filter and smoothing estimates to satisfy time varying 

restrictions, Review in Economics and Statistics, 74, 568-572. Doi: https://doi.org/10.2307/2109505  
 

Durbin, J., and Koopman, S.J. (2012). Time series analysis by state space methods, second edition. 

Oxford: Oxford University Press. 

Ladiray, D., Quenneville, B. (2001), Seasonal Adjustment with the X-11 method. Springer-Verlag, New 

York. 

 


